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Abstract

In this paper, we examine the possible orders of ¢t-subset-regular self-
complementary k-uniform hypergraphs, which form examples of large sets
of two isomorphic t-designs. We reformulate Khosrovshahi and Tayfeh-
Rezaie’s necessary conditions on the order of these structures in terms
of the binary representation of the rank k, and these conditions simplify
to a more transparent relation between the order n and rank k in the
case where k is a sum of consecutive powers of 2. Moreover, we present
new constructions for 1-subset-regular self-complementary uniform hyper-
graphs, and prove that these necessary conditions are sufficient for all k&,
in the case where ¢t = 1.

Key words: Self-complementary hypergraph, Regular hypergraph, Complementing
permutation, Large set of t-designs
AMS Subject Classification Codes: 05C65, 05B05 05E20, 05C85.

1 Introduction

1.1 Definitions

For a finite set V and a positive integer k, let V(¥) denote the set of all k-subsets
of V. A hypergraph with vertex set V and edge set & is a pair (V, ), in which V
is a finite set and & is a collection of subsets of V. For a hypergraph X in which
every edge has cardinality in a given set of positive integers K, the complement
X¢ of X = (V,€) is the hypergraph (X,£°), where £° = |J, (V¥ \ €).
An isomorphism between two hypergraphs X = (V,€) and X' = (V',&’) is
a bijection ¢ : V — V' which induces a bijection from & to &'. If such an
isomorphism exists, the hypergraphs X and X' are said to be isomorphic. A



hypergraph is self-complementary if it is isomorphic to its complement, and an
isomorphism between a self-complementary hypergraph and its complement is
called an antimorphism. The set of all antimorphisms of X will be denoted by
Ant(X). An automorphism of a hypergraph X is an isomorphism from X to
X, and the set of all automorphisms of a hypergraph X form a group, denoted
by Aut(X). The rank of an edge e in a hypergraph is its cardinality |e|, and the
order of a hypergraph (V, &) is |V|. A hypergraph (V, &) is called k-uniform (or
a k-hypergraph) if € is a subset of V*) and the rank of a k-uniform hypergraph
is k. Note that a 2-hypergraph is a graph. We will often denote the vertex set
and edge set of a hypergraph X by V(X) and £(X), respectively.

Let X = (V,€) be a hypergraph with edge ranks in a set of positive integer
K,let t € K, and let f € V. We define the t-valency valy (f) of f in X
to be the number of edges e € £ containing f. A k-uniform hypergraph X is
called t-subset-regular if the t-valency of f in X is independent of the choice of
f € VW, and hence is called the t-valency of X without ambiguity.

1.2 History and layout of the paper

In this paper, we examine the possible orders of t-subset-regular self-complementary
uniform hypergraphs. The following result gives necessary conditions on the or-
der of these structures. This is actually a corollary to a more general result due

to Khosrovshahi and Tayfeh-Rezaie [9], which gave necessary conditions on the
order of large sets of {-designs. For positive integers m and n, let n(,) denote
the unique integer in {0, 1,...,m — 1} such that n = npy,(mod m).

Theorem 1.1. [9] Let ¢,k and n be positive integers such that t < k < n. If
there exists a t-subset-reqular self-complementary k-hypergraph of order n, then
there exists an integer a such that max{i: 2" | k} < a <min{i: 2" > k} and

N[ga] € {t,t+1,..., k[Qa] -1} (1)
O

In Section 2, Theorem 2.1, we refine the result of Theorem 1.1 slightly to
show that, for the given integer a, a — 1 must lie in the support of the binary
representation of k. Poto¢nik and Sajna first noted this refinement in the case
where the rank k has the form k = 2¢ or k = 2° 4+ 1 [12]. Theorem 2.1 yields
the more transparent necessary conditions in Corollary 2.2 on the order of a
t-subset-regular self-complementary k-hypergraph in the case where k is a sum
of consecutive powers of 2. In particular, we obtain Corollary 2.3, which shows
that when & = 27" — 1 and there exists a t-subset-regular self-complementary
k-hypergraph, then ¢ < npger1) < k.

The necessary conditions of Theorem 1.1 have been shown to be sufficient
in the cases where k € {2,3}. The case where k = 2 was handled constructively
by Rao [13], but there is also a proof due to Wilson [15]. Poto¢nik and Sajna
handled the case where k = 3 and ¢ = 1 [11], and Knor and Poto¢nik handled
the case where k = 3 and t = 2 [10]. In Section 3, we show that the necessary



conditions of Theorem 1.1 are sufficient for all k£, in the case where t = 1. We
obtain the following main result.

Theorem 1.2. Let k and n be positive integers such that 1 < k < n. There
exists a 1-subset-regular self-complementary k-hypergraph of order n if and only
if there exists an integer a such that max{i: 2° | k} < a < min{i: 2° > k} and

n[Qa] S {1,27...,I€[2a] — 1} (2)

1.3 Connection to design theory

There is a connection between t-subset-regular hypergraphs and designs. Hence
results from design theory are applicable to these hypergraphs and vice versa.
A t-(n,k,\) design is a pair (V,B) in which V is a set of cardinality n and B
is a collection of k-subsets of a point set V, such that every t-subset of V is
contained in exactly A elements of B. Hence a t-subset-regular k-hypergraph X
of order n is a t-(n, k, A) design in which X is equal to the t-valency of X. A large
set of t-(n, k, ) designs of size N, denoted by LS[N](t, k,n), is a partition of the
complete design (V, V®)) into N disjoint ¢-(n, k, A) designs, where A = (}_!)/N.
If a t-subset regular k-hypergraph X of order n is self-complementary, then X
and its complement X are both ¢-(n, k, \) designs with A = (}~})/2. Hence
the pair {X, X} is an LS[2](t,k,n) in which the t-designs are isomorphic.
Hence results regarding sufficient conditions on the order a t-subset regular self-
complementary k-hypergraph imply the corresponding results for the order of a
LS2)(t, k,n).

Theorem 1.1 was originally stated in the language of large sets of t-designs.
Moreover, for t € {1,2}, large sets LS[2](¢, k,n) have been constructed for all
pairs of integer n and k satisfying condition (1) of Theorem 1.1 [1, 2, 3, 4, 5, 6,
7, 8, 14]. However, it is important to note that these existence results do not
imply that condition (1) of Theorem 1.1 is sufficient for ¢ € {1, 2}, since there is
no guarantee that two designs in the large sets constructed in these papers are
isomorphic. To date, the only existence results for regular and 2-subset-regular
self-complementary k-hypergraphs are those due to Rao, Poto¢nik, Sajna, and
Knor [10, 11, 13] mentioned in the last section.

In this paper, we will use terminology from hypergraph theory, rather than
design theory.

2 Necessary conditions on order

Given the binary representation of a positive integer k, we can use Theorem 1.1
to obtain exact necessary conditions on the order of a t-subset-regular self-
complementary k-hypergraph. We will denote the binary representation of an
integer k by the vector b = (b, by—1,...,b1,b09)2. This is, b is the vector such
that k = Y." 2%, by, = 1, and b; € {0,1} for 0 < i < m. The support of the
binary representation b is the set {i € {0,1,2,...,m} : b; = 1}, and is denoted
by supp(d).



Theorem 2.1. Let k be a positive integer and let b = (b, bi—1,-..,b2,b1,b0)2
be the binary representation of k. Let t be an integer such that 1 <t < k. If
there exists a t-subset-reqular self-complementary k-hypergraph, then

nppet1] € {6+ 1,00 kper) — 1} (3)
for some £ € supp(b).
Proof: By Theorem 1.1, there exists a positive integer a such that
npay € {t,t+ 1, kjga) — 1}, (4)

If a — 1 € supp(b), then set £ = a — 1 and we are done. Hence we may assume
that a — 1 & supp(d).

If i ¢ supp(b) for all i such that 0 < i < a — 1, then ko) = E?:_Ol b2t =0,
and so as t > 1, (4) implies that nj.) € (0, giving a contradiction. Hence we
must have supp(b) N {1,2,...,a — 1} # 0. Set

¢ = max(supp(b) N {1,2,...,a — 1}).
Then kpay = Y075 ;2" = S b2 = kppe+1), and so (4) implies that
N[ga] € {t,t+1,.‘.,k[22+1] -1} (5)

Now (5) implies that n.) < 21, Since £+1 < a, it follows that N[ge+1] = Nga],
and so (5) implies that

Nge+1) € {t, t+1,..., k[22+1] - 1}
Since ¢ € supp(b), this completes the proof. O

In the case where k is a sum of consecutive powers of 2, condition (3) of The-
orem 2.1 holds for the largest integer in the support of the binary representation
of k, as the next corollary shows.

Corollary 2.2. Let r and ¢ be nonnegative integers, and suppose that k =
S0 29T If there exists a t-subset-reqular self-complementary k-hypergraph of
order n, then nperr1) € {t,t +1,... k= 1}.

Proof: Let b denote the binary representation of k. Then
supp(b) ={{,L+1,.... 0+ 1},
and so Theorem 2.1 guarantees that
npgerit1) € {t,t+ 1, kjgerity — 1} (6)
for some j € {0,1,...,7}. Suppose that j < r. Since

O+j+1

ﬂ,[2é+(j+1)+1] S 2 + n[2£+_7+1]



and
N2+ +1)+1] 2 Nge+i+1],
(6) implies that ,
U< npgergrn+1) < 204741 4 kigerisay. ™

1(\1(;W sirice ﬁ“j“ + kjgessar) = 26H9FL 4 S 20 = kfae+Gi+1+1), inequalities
7) imply that
t < npgerGreny < Kot

and hence njget41)41) € {t,t+1,..., kpaet G+ — 1}. Thus for j < r, we have
that

N[2e+i+1] € {tﬂf +1,..., k[2[+j+1] — 1}

implies N[ge+G+1)+1] S {t, t+1,..., k[2£+(j+1)+1} — 1}

It follows that
Njoe+r+1] € {t, t+1,..., k[22+r+1] - ].}

Since kppe+rt1) = k, this implies that
Njge+r+1] € {t,t +1,...,k— 1}

as claimed. ]

Corollary 2.3. Let { be a positive integer, let k = 2° — 1 and let t be a positive
integer such that t < k. If there exists a t-subset-regular self-complementary
k-hypergraph of order n, then nye € {t,t+1,... k—1}.

Proof: Since k =2 —1 = Zf;é 2¢, this result follows directly from Corol-
lary 2.2. O

3 Sufficient conditions on order

In this section, we prove that a 1-subset-regular self-complementary k-hypergraph
of order n exists for every integer n satisfying the necessary conditions of Theo-
rem 1.1. Consequently, we prove Theorem 1.2. First we will need some notation.

Let X = (V,€) be a k-hypergraph and let 6 € Sym(V). We will denote the
valency vall ({v}) defined in Section 1.1 by valx(v). The symbol X? denotes
the hypergraph (V,£?), where £ = {E? : E € £} and EY = {vY : v € E}. For a
subset P of the orbits of 6 on V¥, let U(P) = Jpep O. For a subset S C Y
and a vertex v € V, let setvals(v) denote the number of edges of S containing
v.

We will often make use of the following lemma.

Lemma 3.1. Suppose that X = (V, ) is a self-complementary k-hypergraph.



(1) X is 1-subset-regular if and only if valx (v) = valxc(v) for all v € V.

(2) If V={c0}UZ, and 0 = (c0)(01 ... (n—1)) € Ant(X) for an even positive
integer n, then X is 1-subset-reqular if and only if valx (0) = valxc(0).

Proof:

(1) If valx (v) = valxc(v), then

valx (v) = % (valx (v) 4+ valxc (v)) = % (setvalyx) (v)) = ;('Z'__f),

which is independent of the choice of v € V. Thus X is l-subset-regular.
Conversely, if X is 1-subset-regular, then since X = X, the hypergraph X¢
is also 1-subset-regular and has the same 1-valency as X. Thus valx (v)
valxc (v) for all v € V.

(2) If X is 1-subset-regular, then as 0 € V, valx(0) = valxc(0) by part (1).

Conversely, suppose that valx (0) = valyxc(0). Observe that for any orbit
O of 6 on V¥ an element = € Z, lies in ¢ edges of O N & if and only if
(x — 1)}, lies in ¢ edges of O N £C, which holds if and only if (z — 2)n)
lies in ¢ edges of O N E. This implies that valx () = valxc(y) whenever
x Z y (mod 2), and valx(z) = valx(y) whenever x = y (mod 2). Now
since valx (0) = valxc(0), for « even and y odd, we have

valx (z) = valx (0) = valxc (0) = valx(y).

Hence valx (z) = valx(y) for all z,y € Z,. Moreover, since § € Ant(X)
and 6 fixes oo, we must also have valx (co) = valyc(00). Hence valx (v) is
independent of the choice of v € V, and so X is 1-subset-regular.

O

In Lemma 3.4 we will prove that the necessary condition (1) in Theorem 1.1
on the order n of a self-complementary k-hypergraph is sufficient by induction
on the congruence class of n modulo 2%. In Lemma 3.3 we will handle the base
case where n = 1 (mod 2%), that is, n = m2% + 1 for some positive integer m.
We will need to make use of the following lemma, which handles the case where
m = 1.

For a positive integer n, a subset A of Z,, and an element b of Z,, let A+ b
denote the set {(a +b)},) : a € A}.

Lemma 3.2. Let k and a be positive integers such that a > 2 and 2 < k < 2°.
Let V = {oo} U Zga, where 0o & Zoa. There exists a 1-subset-regular self-com-
plementary k-hypergraph on V with antimorphism

0= (c0)(012 - (2°—1)).



Proof: First we will fix an integer r such that 1 < r < 2 and examine the

structure of the orbits of € on Zg). In particular, we will examine how the

number of even and odd elements of E € Zg;) affect the valency of 0 in the orbit

of 6 on ng) containing FE.

We can write r = 2* M for some integer z such that 0 < z < a — 1 and some
odd positive integer M. Let O be an orbit of 6 on Zg;). Then O has length
2977 for some x such that 0 < z < z. For x € {0,1,...,z}, we will define
a partition of the set {0,1,2,...,2% — 1} into 2% subsets S¥,ST,S5%,...,58% 4
of consecutive integers, each of length 2°~*. For each w € {0,1,...,2% — 1},
set ST = {w2* * +v:v € {0,1,...,2°7% —1}}. Then SI = S¥ + w2° 7.
If O has length 277 any edge E € O contains exactly /2% elements from
each subset S% in the partition, and £ N S} must be a translation of £ N S,
for all w =0,1,...,2% — 1. In particular ENSY = ENS§ + w2*~*. Now if
E NS¢ contains i even elements and j odd elements, then £ N S contains j
even elements and ¢ odd elements. Hence, for any orbit O of 8 on Zg;) of length
2977 there exist nonnegative integers ¢ and j such that i + j = /2%, and every
edge of O contains exactly ¢ even elements and j odd elements of Sf, or vice

versa. Moreover, if E € O and E contains ¢ even and j odd elements of SF, then
a—z_,

0 lies in exactly ¢ elements of the sequence E, E(’Q7 E94, ey EY ‘ , and 0 lies

in exactly j = r/2% — i elements of the sequence Eel,E‘L)g7 Ees, ceey B

For z € {0,1,...,2z} and i € {0,1,...,7/2""'} and j = r/2" — i, let E;
denote the set of orbits of 6 on Zé:,) of length 2°~* whose edges contain i even
and j odd elements in the set S§, or which contain j even and ¢ odd elements of
Sg. For each O € &}, choose an edge E € O. If the number of even elements
of E does not exceed the number of odd elements of E, colour the edges in
the sequence F, Eez, E(’47 . ,E(’z ~* red and colour the edges in the sequence

EY E® E®. ... E®" "7 blue. If E has more even entries than odd entries,
colour the edges in the sequence F, E92, E(’47 . ,E(’2 ~* blue and colour the

edges in the sequence E¢', E?° E° ... ,E"QCHE*1 red. For any subset S of ng),
let Syeq and Spyye denote the set of red and blue edges in S, respectively.
Since @ < j, for each orbit O € £, we have

setvalp,,,. (0) — setvalp,_,(0) = j — i.

Let &, be a subset of Z;Z) which contains the red edges from exactly HE = f /2]

,J
orbits of £;, and the blue edges from the remaining orbits of £;, for all 0 <

x < z, and for all 4, such that 0 < i < r/2**! and j = /2% — 4. If ’5;”]} is

even, say |5'-

w’| = 2v for a positive integer v, then

setvalu(gﬁj)mgr(O) - setvalu(gﬁ. ynec (0) = (vi+vj) — (vi+vj) = 0.

J



If |£7,] is odd, say |£F;] = 2v — 1 for a positive integer v, then

Setvalu(ggj)mé,,,(o) - setvalu(gf’j)ﬂgg (0)
=((v—-1i+vj)— (vi+ (v—1)j)
=j — 1.
If £ < z, then i + j = /2% = 2*7* M is even, which implies that j — 4 is even.

On the other hand, if x = z, then i + j = r/2* = r/2* = M is odd, which
implies that j — ¢ is odd.

e Claim I: For a fixed integer » = 2° M such that M isodd and 1 < r < 2%
the set &7, of orbits of 6 on Zéz) has odd cardinality for exactly one pair
1,7 satisfying 0 <i < jand i+ j = M.

e Proof of Claim I: First, note that the set S§ contains exactly 2¢7*~!
odd elements and 2¢~*~! even elements. Thus for j > 22 *~! we have
&= (), which has even cardinality. Hence we need only consider the case
where 0 <1 < j < ga—z=1
We will count the number of orbits in £7; where i and j are nonnegative
integers such that i < r/2**! and i + j = r/2* = M. The number of
ways to choose i even elements and j odd elements from the set S§ is
(2(1771) (211771), which is also equal to the number of ways to choose i
odd elements and j even elements from this set. Hence the number of
edges which lie in U(E7;) is 2(2“271) (2%;71). Since each orbit of £7; has

length 27%, the number of orbits in £7; is

L 1 20,7,271 2a7z71
€551 = 2a_2_1< ; > < i )~ (8)

Case 1: z = a—1. In this case we have r = 2¢7'M < 2% for odd M, which
implies that M = 1 and r = 2¢7!. Since i + j = r/2* = 2071/2971 =1
and 7 < j, we must have 1 =0 and j = 1, and so

; a 1 [20 /20
el =it = () (3) =

Case 2: z < a—1. In this case, since i + j = M is odd, and the
cardinality in (8) is an integer, Lemma A.1 (see Appendix) implies that
‘Sij’ is odd if and only if i € {0,271} or j € {0,297 *~1}. We will show
that exactly one of these situations occurs for @ < j.

Since 0 < i < j < 2%7#71 it follows that j # 0 and i # 2% *~1. Hence we
need only check that exactly one of the conditions i = 0 and j = 2% *!
hold. Since z < a — 1, we must have r # 2%~ !, Suppose r < 2%~ !. Then if

g

which is odd.



j — 2(1—2—17 we have i = T‘/2Z _j — T/QZ _2a—z—1 < 2(1—2—1 _2a—z—1 — 0’
contradicting the assumption that ¢ > 0. However, there are edges such
that i = 0 and j = r/2* < 2971/2® = 297271 On the other hand,
if r > 2971 then if i = 0, we have j = r/2% > 2071/27 = 20==-1
and so j > 2%7*71 giving a contradiction. However, there are edges
such that j = 297*71 for in this case i = /2% — j = r/2® — 29771 >
2071 /27 — 207271 = 0,80 0 <4 < 297271

We have shown that j # 0, i # 297!, and that if r < 227! then
§ # 2%7*~1 but there exist orbits with i = 0 and j = r/2* < 247*~1 and
that if » > 2271 then i # 0 but there exist orbits with j = 297*~! and
i=r/2*—j>0.

Thus exactly one of the two situations i = 0 and j = 2*7*~! occurs for
i < j, and neither of the two situations i = 2=*~! and j = 0 can occur.

Thus if z < a — 1, exactly one of '5()27«/22 and ‘5@/22_2%271)‘2%271 is

odd, and |Ef j] is even for all other feasible pairs ¢, j. This completes the

proof of Claim I.
Claim I and the comments preceding it imply that
setvalg (0) — setvalgc (0)

is odd for all integers r such that 1 < r < 2% Fix an integer k such that
2<k<2% Then1l<k—1<2% and so

setvalg, g, (0) —setvalgezc (0) 9)
= (setvalgk (0) — setvalékc (O)) + (setvalék_l(O) - setvalékgil(()))

is even.

We will find subsets &,_; C z87Y and & C 7Y which are related to
Er_1 and &, but for which the even quantity in (9) is bounded. For each
r € {k— 1k}, if r = 2*M, then for all integers x,% and j such that 0 < x < z,
0<i<r/2®t and j = r/2% — i, we define \" (i, j, ) as

A'(i,5,z) = Setvalu(sg;jnér)(o) - setvalu(gfjmgyg)(O) =j—i.

Note that 0 < j —i < r. Thus setvalg (0) — setvalzc (0) is equal to the sum of
a set A, of nonnegative integers for

A ={N(i,§,7) : 0 <2< 20<i<r/2°Th j=r/2" —i},

and each A\ € A, satisfies 0 < A <r. Hence Lemma A.2 (see Appendix) implies
that there is a function v : A, — {—1,1} such that 0 <>7,_, Av(A) <.

Form a subset & of Zg,) from &, by swapping red edges for blue edges,

and vice versa, in &7, N &, whenever v(X\ (i, j,2)) = —1. Then setvalg/ (0) —



setval(e/yc (0) has the same parity as setvalg (0) — setvalgc (0). Moreover,

setvalg, (0) — setval(gyc (0) = Z Av(A)

AEA,
and so
0 < setvalg (0) — setval(g/yo (0) <.
Thus
Setvalg;cugl/ﬁl (0) — setval(g]/c)cu(g;ﬁl)c (0) (10)

= (setvalg,; (0) — setval(g;c)c(O)) + (setvalg;ﬁl(O) - setval(gl/cil)c(()))

is equal to a nonnegative even number 2y such that 2p < 2k —1. But 2p is even
and 2k —1 is odd, so we must have 2u < 2k—2, which implies that 0 < p < k—1.

Case 1: 2 < k < 2971 Since k or k — 1 is even, it follows that r — p is
even for some r € {k,k — 1}. Fix this . Then the system

t+j=r
has an integer solution ¢ = (r — p)/2, j = (r + p)/2. Also, since 0 < p < r,
we are guaranteed that 0 < 4,5 < r; and since r < k < 20=1 we also have

0 <4,j < 2%, For this r there is an orbit O € £, of 0 on Zg,;) of full length
2979 such that &, contains the red edges of O, and

setvalp,,,.(0) — setvalp__,(0) = j —i = p.

Let Ex—1 U & be the set of edges in Zgz_l) u Zgi) obtained from &;,_, U &,
by swapping red edges for blue edges in the orbit O. Then (10) implies that

setvale,ug,_, (0) — setvalgeec (0)
= (setvalgéugl;_l(O) - setval(g;)cu(gi"_l)c(O)) —2u
=2u—2p=0. (11)

Finally, define X} to be the hypergraph with vertex set V = Zgo U {00} and
edge set &€ = & U{F U {0} : E € _1}. Since 6 maps red edges onto blue
edges within each orbit, and vice versa, it follows that § € Ant(X}), and so X}
is self-complementary. Moreover, (11) implies that valx, (0) = valyc (0), and so
Lemma 3.1(2) guarantees that X}, is 1-subset-regular. '

Case 2: 2971 < k < 29, 1In this case 2 < k = 29 — (k —1) < 297! and
so by Case 1 there exists a 1-subset-regular self-complementary k-hypergraph

10



A&; on V with antimorphism 6. Let F; denote the set of edges of &; which do
not contain oo, and let

Fi ,={E\{oc}:E€&(X;),0€E}.
Since A}, is 1-subset-regular and self-complementary, it follows that
setvalz, ur, | (0) =setvalze rc (0). (12)
- k k—1

Let
gk_l :{Zgar \EEE.F];}

and
Ek- = {ZQ@ \E ) € f];_l}.

k—1)

Then &, C Zé and &, C Zgi). Moreover, (12) implies that

setvalg, ug,_, (0) = setvalgeec (0). (13)

Define X to be the hypergraph with vertex set V = Zoa U {oco} and edge set
E=E,U{FU{x}: E € &;_1}. Then X is a k-hypergraph on V, and since
6 € Ant(X;) it follows that § € Ant(Xj), and so A} is self-complementary.
Moreover, (13) implies that valx, (0) = valyc (0), and so Lemma 3.1(2) guaran-
tees that X} is 1-subset-regular, as required. O

We are on our way to proving the sufficiency of condition (1) in the main
result of this section, Theorem 1.2. In the next lemma, we state and prove the
base case for the inductive proof of this sufficiency, which is given in Lemma 3.4.

Lemma 3.3. Let a, k, and m be positive integers such that a > 2 and kja) > 2.
Let R = Zmoa, and let V = {0} UR. There exists a 1-subset-reqular self-com-
plementary k-hypergraph on V with antimorphism

—

0= (0) [TG2%52°+1,...,( +1)2* —1).
=0

Proof: We will construct a 1-subset-regular self-complementary k-hypergraph
Vi on V with antimorphism 6.
For each j € Z,,, let

R; ={j2% 72 +1,...,(j +1)2* — 1},
and let
0; = (00)(j2%,72% +1,...,(j +1)2% = 1) € Sym(R; U {o0}).
By Lemma 3.2, there exists a 1-subset-regular self-complementary r-hypergraph

X7 on {oo} UR;, with antimorphism 6;, for r € {2,3,...,2% — 1}.
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For each E € V) let C1(E) = {j € Zp, : 2 < |({oc} UR;) N E| < 2% —1}.
If C1(E) # 0, set j1(E) = min{j : j € C1(E)}. If E € V*) and C(E) = 0,
then |[{oo} UR;)NE| < 1or |({oc} UR,;)NE| > 2% for all j € Zy,. Since
2 < kpga; < 2%, this implies that one of the following conditions hold when

Cl(E) = @:

e oo ¢ FE, all cycles of 6 contain exactly 0,1, or 2% elements of E, and at
least two nontrivial cycles of 6 contain exactly one element of E.

e oo € F, all nontrivial cycles of 6 contain at least 2¢ — 1 elements of E, and
at least two nontrivial cycles of 6 contain exactly 2¢ — 1 elements of E.

For each E € V) with C1(E) = 0, define Co(E) = {j € Zn : (ENTR;)| €
{1,2* — 1}}. Then |C3(E)| > 2. Let i1(E) and i2(E) be the two smallest
elements of Co(E).

Define Vi to be the k-hypergraph with vertex set V and edge set £ such that
an element £ € V%) is in & if and only if one of the following conditions hold
for j1 = j1(E), i1 = i1(F), and iz = i2(E).

(E
(i) Ci(E) #
(ii) C1(E) =0, 00 ¢ B, ENR;, = {z}, ENRy, = {y}, and (z +y)q € {1,2}.
(iii) C1(E) =0, 00 € B, Ry, \ E = {z}, Ri, \ E = {y}, and (z +y)y € {1,2}.

0, |EN({oo} UR;,)| =7, and EN ({occ} UR;,) € € (X71).

We will prove that )V is 1-subset-regular and self-complementary with antimor-
phism 6.

First we will show that yk 1s self-complementary. Note that £¢ = V) \ €
is the set of elements E of V(*) for which one of the following conditions hold.
(Again, j1 = j1(E), i1 = i1(E), and iy = ia(E).)

(i) Ci(B) #0, |[EN({oc} URy,)| =7, and EN ({00} URy,) & E (X71).
(i) Ci(E)=0,00¢ E, ENRy, =A{z}, ENRy, = {y}, (x +y)y €{0,3}.
(iii)) C1(FE)=0,0€ E, Ry, \E ={z}, Ri, \ E = {y}, and (z+y)[4] € {0, 3}.

Observe that 6 [{oyur;, = 0, € Ant(X71). Hence an element F € V) satisfies
condition (i) if and only if E? satisfies condition (i)’. Also, for x € R;,, y € R,
and a > 2, we have (27 + y%)y = (x + D)o + (y + 1)[20])[4] (+y+2)u,
so 0 maps elements = and y with (z,y) € Ry, X Ry, and (v + y)q € {1,2} to
elements ¥ and y” with (27,y%) € R;, x Ry, and (¥ +3%);4 € {0,3}, and vice
versa. Tt follows that an element E € V(®) satisfies condition (ii) if and only
if EY satisfies condition (ii)’, and FE satisfies condition (iii) if and only if EY
satisfies condition (iii)’. Hence E € £ if and only if EY € £. Thus 6 € Ant(V)
and Yy is self-complementary.

Next we show that Yy is 1-subset-regular, which by Lemma 3.1(1) is true
if and only if valy, (v) = valyc(v) for all v € V. Since 6§ € Ant(Yx) and ¢
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fixes 0o, we certainly have valy, (00) = valyc(00). It remains to show that
valy, (v) = valyc (v) for all v € R.

Let j' € Z,, and suppose that v € Rj. Let O be an orbit of § on V¥
which contains edges containing v. Let E € O, and set C1(0O) = C1(E), and if
C1(E) # 0, set j1(O) = j1(E). Note that C;(F) is constant over all £ € O, and
so C1(0) is independent of our choice of E € O, and so is j1(O), if it exists. If
C1(0) = 0, set C2(0) = C2(E), and set i1(0) = 41 (F) and i2(O) = i2(E). If
C1(0) = 0, then C3(0) is constant over all E € O, and so C2(0), i1(0), and
i2(O) are also independent of our choice of E. Now O is one of four types:

TYPE 1: C1(O) # 0 and j/ # j1(O).
TYPE 2: C1(0) # 0 and j' = j;(O).
TYPE 3: C1(0) = 0 and j' & {i1(0),i2(O)}.
TYPE 4: C1(0) = 0 and j' € {i1(0),i2(0)}.

For each i € {1,2,3,4}, let P; be the set of orbits of # on V¥) of TYPE 4 which
contain edges containing v. We will show that

setvaly(p,)ne (v) = setvalyp,)nec (v)

for all ¢ € {1,2,3,4}. For each i, let (U(P;)NE)y ={E €U(P)NE v € E},
and let (U(P;)NEY), ={E €U(P;)NEC :v e E}.

First consider the orbits of P;. Define the mapping 51 : (U(P1) N E), —

U(P1) NEY), by

B = (le N Ee) U (E \ le);
for all E € (U(P1)NE),, where j; = j1(O) for the orbit O of # on V(¥) containing
E.

Since j' # 71 for all orbits O € P, and since v € R, it follows that for all
EcUP)NE), we have v € E\ R,,. Hence 1 maps edges of (U(P1)NE),
to edges of (U(P1) NEY),. Moreover, one can verify that (; is invertible, with
inverse 3, ! defined by

B — (le mE"fl) U(E\Rj),

for all E € (U(P;) N EY),, where j; = ji1(O) for the orbit O of § on V)
containing E. We conclude that |(U(P1) NE),| = |U(P1) NEY),|, and hence

setvaly(p,)ne (v) = setvaly(p,)nec (v).

Next consider the orbits of P2. Every orbit O of Py satisfies j;(O) = 5, and
so EN({oc} UR;,) € € (X71), where r = |[EN ({oo} URy, )|, for all E € ONE.
Observe that since X7* is 1-subset-regular and self-complementary for all r, by
Lemma 3.1(1) we have

val i1 (v) = Val(Xgl)c(v).
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This implies that there is a bijection § between the set of edges of X7 containing
v and the set of edges of (X71)¢ containing v. Now define the mapping 3o :
UP2) NE)y — UP2) NES), by

EP = (BN ({oo} UR;,)) U (E\ ({00} UR;,)),

for all E € (U(P2)NE),, where j1 = j1(O) for the orbit O of # on V¥) containing
E.

Since j' = ji for all orbits O € P,, and v € R;,, the definition of 6 guarantees
that v € EN({oc}UR;,) if and only if v € (EN ({oc} UR;,))°. Also, condition
(i) guarantees that ' € U(P2) N & if and only if £ € U(P2) N EC. Hence (o
maps edges of (U(P2)NE), to edges of (U(P2)NEY),. Moreover, one can verify
that (3, is invertible, with inverse 3, ' defined by

1

EP% = (EN({oo} UR;)) U(E\ ({oo} UR,)),

for all E € (U(Py) N EC),, where j; = j1(O) for the orbit O of § on V¥
containing E. We conclude that |(U(P2) N E),| = |(U(P2) NET),], and hence

setvaly(p,)ne (v) = setvaly(p,)nec (v).

Now consider the orbits of P3. Define the mapping S5 : (U(P3) N E), —
(U(P3) N gC)U by

Eﬁg = ((Rll U Rlz) N EQ) U (E\ (Rll URiQ))?

for all E € (U(P3)NE),, where i3 = i1(O) and iy = i2(O) for the orbit O of §
on V*) containing E.

Since j' & {i1,142} for all orbits O € P3, and v € R/, for all E € (U(P3)NE),
we have v € E\ (R;;, UR,,). Hence 83 maps edges of (U(P3) NE), to edges of
U(P3) N ES),. Moreover, one can verify that (3 is invertible, with inverse 85 *
defined by

B = ((Riy UR) NE” ) U(E\ (R, URy,)),
for all E € (U(P3)NET),, where i1 = i1(O) and iy = i2(O) for the orbit O of 6
|

on V*) containing E. We conclude that |(U(Ps) N E),| = |(U(P3) NEC),|, and
hence

setvaly(p,)ne (v) = setvaly(p,)nec (v).

Finally, consider the orbits of P4. Every orbit O of Py satisfies j' € {i1,ia}-
Since v € R/, we must have v € R;, UR,;,. Assume, without loss of generality,
that v € R;,. Define the mapping B4 : (U(P4) N E)y — (UP1) NEC), by

EPt — (R N E(’z) U(E\Rs,),

for all E € (U(P4)NE),, where in each case iy = i1(O) and i3 = i2(O) for the
orbit O of @ on V*) containing E. Now since v € R, , it follows that v € E\R,,
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for all E in (U(Ps4) NE),. Now observe that if E € (U(Py) NE),, then either
I[ENR;| =|ENR,| =1or Ry \ E| = |Ri, \ E| = 1. In the former case,
we must have ENR;, = {v} and ENTR,;, = {w}, for some w € R;, such that
(v+w)y € {1,2}, which implies that E#NR;, = {v}, E#NR;, = {(w+2) 29},
and (v + (w +2)[2a))jg) = (v +w +2)[4 € {0, 3}, since a > 2. In the latter case,
we must have R;, \ F = {z} and R;, \ E = {y}, for some z € R;, and y € R,
such that  # v and (z + y)4 € {1,2}, which implies that R;, \ E** = {z},
Riy \ B = {(y + 2)pq)}, aﬂd @+ (y+2)pa)y = (@ +y+2)y € {03},
since a > 2. Hence conditions (ii) and (iii) guarantee that [, maps edges
of U(Py) NE), to edges of (U(Ps) N EC),. Moreover, the permutation £ is
invertible, with inverse 8, ! defined by
BS = (R nE® )u (E\Ri,),
for all E € (U(P4)NEY),, where iy = i1(0) and iy = io(O) for the orbit O of 0
on V*) containing E. We conclude that |(U(Py) NE)y| = |(U(Ps) NE),|, and
hence
setvaly(p,)ne (v) = setvaly(p,)nec (v).
Observe that

valy, (v Z setvaly(p,)ne (v Z setvaly(p,)nec (v) = valyc (v).
=1 =1

Since j’ was an arbitrary element of Zy,, we conclude that valy, (v) = valyc (v)

for all v € R = Ujez,,Rj, and hence for all v € V = R U {oo}. Thus
Lemma 3.1(1) implies that Yy is 1-subset-regular. O

It should be noted that Lemma 3.3 was proved previously for the case where
a = 2. Rao handled the case where a = 2 and k = 2 in [13], and Potoé¢nik and
Sajna handled the case where a = 2 and k = 3 in [11].

We are ready to prove the sufficiency of condition (4) in Theorem 1.1.
Lemma 3.4 demonstrates the existence of a 1-subset-regular self-complemen-
tary uniform hypergraph of rank k and order n for every pair (n, k) satisfying
condition (1).

Lemma 3.4. Let a, k, m, and s be positive integers such that a > 2 and
s < kjga). Let R = Zaa, let S = {001,002,...,00,} such that SN R =0, and
let V = SUTR. There exists a 1-subset-reqular self-complementary k-hypergraph
on V with antimorphism

m—1

0 = (001)(002) -+ (00s) ] (2% 42% +1,...,(j +1)2* - 1).

Proof: Fix positive integers a and m such that a > 2. We prove that there
exists a l-subset-regular self-complementary k-hypergraph on V with antimor-
phism 6 for all positive integers k and s such that 1 < s < k). The proof is
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by induction on s.
Base Step: s = 1. In this case, since s < kpga), we have kpa) > 2, and so

the existence of a 1-subset-regular self-complementary k-hypergraph on V =
{001} U Zy2. with antimorphism

m—1
0= (cor) [ (2% 52" +1,...,(i +1)2 — 1)
=0

follows from Lemma 3.3. Hence the result holds for s = 1.

Induction Step: Suppose s > 1, and assume that there exists a 1-subset-regular
self-complementary k-hypergraph Z; on

V= {001,...,005-1} UZp2a

with antimorphism

m—1
0= (c01)-(00sm1) ] (2%, 52"+ 1,...,( +1)2° = 1),
j=0

<

for all k such that 1 <s—1< l%[ga].

Let k be a positive integer such that s < kp2s;. We will construct a 1-subset-
regular self-complementary k-hypergraph on V with antimorphism 6. Now 1 <
s — 1 < kjg+1 and so by the induction hypothesis, there exists a 1-subset-regular

self-complementary k-hypergraph Z; on V with antimorphism 0. Moreover,
since s > 2, we have kppa) > 3, and so (k — 1)[2e] = kjga) — 1. This implies
that 1 < s —1 < (k — 1)[2¢1, and so by the induction hypothesis, there also
exists a 1-subset-regular self-complementary (k—1)-hypergraph Z,_1 on V with
antimorphism 6.

Let Zj, be the k-hypergraph with vertex set V =V U {oo,} and edge set

£=EZk) | J{{oos ) UE 1 E € £(Zi1)}-

Since 6 |,= 0 € Ant(Zy) N Ant(Zj_1), and 0 fixes oos, it follows that E € £
if and only if E? € <‘£C. Hence 6 € Ant(Z;) and Zj is self-complementary.
Moreover, for all v € V', we have

valz, (v) = valg, (v) + valz,_, (v)

=valzc (v) +valze (v)
= valzc(v).

Since the antimorphism 6 fixes co,, we also have valz, (c0s) = valzc (00s), and

so valz, (v) = valzo(v) for all v € VU {oco} = V. Thus Lemma 3.1(1) implies
that Zj, is 1-subset-regular.
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Hence by induction on s, there exists a 1-subset-regular self-complementary
k-hypergraph on V with antimorphism 6 for every positive integer s < kjgaj. [

Proof of Theorem 1.2: The necessity of condition (1) follows from Theo-
rem 1.1. Suppose that n satisfies condition (1). Then n = m2* + s for some
positive integers a, m, and s such that max{i : 2/ | k} < a < min{i : 2° > k} and
1 <5 <kpgaj. f a=1, then 1 < s < kpa) cannot hold, and so in this case the
sufficiency of condition (1) holds vacuously. On the other hand, if @ > 2, then
the existence of a 1-subset-regular self-complementary k-hypergraph of order n
follows from Lemma 3.4, and so condition (1) is sufficient in this case also. O

Theorem 2.1 shows that, condition (1) is equivalent to condition (3), and so
condition (3) is an alternative statement of the necessary and sufficient condi-
tions of Theorem 1.2 on the order n of a 1-subset-regular self-complementary
k-uniform hypergraph, in terms of the binary representation of k.

A  Appendix

The next two technical lemmas are used in the proof of Lemma 3.2 in Section 3.

Lemma A.1. Let o, i, and j be integers such that 0 < i,5 < 2% i+ j s odd,
and 2%(27 )(2j ) is an integer. Then 2%(27 )(2j ) is odd if and only if i € {0,2%}
or j € {0,2°}.

Proof: Since i + j is odd, either ¢ or j must be odd. First suppose that ¢ is

odd. Now
120\ 20\ 1 (2% -1 [2¢
20\ i J\j) 2¢—i\ i i)

Since i < 2% and i is odd, any integer r in the support of the binary repre-
sentation of i satisfies 7 < o — 1. Since (2% — 1)jgr+1] > d[pr+1) for all such r,
it follows that (20;1) is odd. Now if j ¢ {0,2%}, then (2%)gr+1] = 0 < j2r+1
for some r in the support of the binary representation of j, which implies that
(2;) is even. Since 2% — i is odd, this implies that the integer 2%(27) (2;) =

o (2(1;1) (2;) is even. On the other hand, if j € {0,2%}, then (2;) =1, and

S0 2%(?)(2&) = 5o (2571) (2Q) = (261,71) is an odd integer. Thus if 7 is

i 7 20 —q 7 J 20 —g i
odd, then 5 (%) (%) is odd if and only if j € {0,2°}.
By a symmetric argument, if j is odd, then 2% (2:) (2;) is odd if and only if
i€{0,2%}. O
Lemma A.2. Let r be a nonnegative integer. Suppose that A1, Az, ..., Ay is a

sequence of integers such that 0 < \; <r for alli € {1,2,...,n}. Then there is
a function v : {\1, X2, ..., A\n} — {—1,1} such that 0 < Y7 Niv(\;) <r.
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Proof: The proof is by induction on n. If n = 1, then take v(A\;) = 1. If
n = 2, then if Ay < Ay, take v(A1) = —1 and v(A2) = 1, and if A\ > Ag, take
v(A1) = 1 and v(A2) = —1. Hence the result holds when n € {1,2}.

Let n > 2 and suppose the result holds for all such sequences of length
n — 1. Let A, Ag,..., A\, be a sequence of integers such that 0 < \; < r
for all i € {1,2,...,n}. By the induction hypothesis, there is a function v’ :
(A, A1} — {—1,1} such that 3277 \iv/(\;) = A for some A such that
0 < X < r. By the base case n = 2, there is a function ¢ : {\, A\, } — {—1,1} such
that 0 < A9(A) + A, 0(A,) < r. Let v be the function v : {A1,..., A} — {-1,1}
such that v(A;) = 0(A\)v'(\;) for i € {1,2,...,n — 1}, and v(\,) = 9(\,). Then
St Av(N) = A0(A) + A, 0(A,) and s0 0 < 7 Aju(N;) < r as required. The
result follows by induction. O
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