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We describe a very simple experiment that utilizes standard laboratory equipment to measure the

electromagnetic response of a metallic sphere exposed to a uniform ac magnetic field.

Measurements were made for a variety of non-magnetic and magnetic metals, and in all cases the

results fit very well with theory over the four orders of frequency (25 Hz to 102 kHz) explored here.

Precise values of magnetic permeability and electrical conductivity can be extracted from fits to the

data given the sphere radius only. The same apparatus is also used to explore the effects of

geometry on eddy current generation as well as to demonstrate non-destructive testing through

measurements on coins of different composition. VC 2018 American Association of Physics Teachers.
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I. INTRODUCTION

Exactly solvable electromagnetic problems—which pro-
vide important models for pedagogy as well as research—
generally possess planar, cylindrical, or spherical symmetry.
The standard textbook presentation of the electromagnetic
skin depth, for example, stems from the solution to the prob-
lem of an electromagnetic plane wave incident on the surface
of a conducting medium that completely fills half-space.1,2

The main result of this analysis—namely, the exponential
attenuation of electromagnetic fields within the bulk of a
conductor—provides valuable insight into the general prob-
lem of eddy currents and remains valid for any geometry as
long as the skin depth is small compared to the curvature of
the conductor. Exact solutions for specific geometries such
as conducting slabs, cylinders, and spheres are known and
can be found in textbooks3–5 as well as throughout the
past6–8 and more recent literature.9–14

Of these geometries, a sphere in a uniform ac field is of
particular interest in that it represents an exactly solvable
model for a finite-sized object. As a result, it can be repre-
sented faithfully in a simple experiment without any approxi-
mation as will be shown here. This alone has great
pedagogical value. And despite the naivety of the geometry,
the sphere in a uniform ac field continues to be a valuable
model in research. Some recent examples include the follow-
ing: the absorption of electromagnetic power in biological
tissue12,15 and metallic implants16 during the magnetic reso-
nance imaging process; the industrial inspection of agricul-
tural produce;17 and the de-spinning of metallic space
objects.18 Generalization to the prolate spheroid19 extends
the utility of this model.

Another very important field of research is eddy-current-
based non-destructive testing, which has many widespread
applications such as the detection of buried munitions,20

the detection of defects in aircraft structures,21 and the
inspection of railroad tracks.22 These techniques employ
aspects of electromagnetic theory that are readily accessible
to the undergraduate student. The study and experimental
verification of the response of a metallic sphere in a uni-
form ac field provides an excellent introduction to non-
destructive testing as well as the general concepts of eddy
current behavior.5,23–28

The theory and experiment presented here are highly suit-
able for an undergraduate laboratory. Through careful design
of the experimental procedure, high-quality data can be col-
lected with relative ease. Data are fit to the theoretical model
of the magnetic moment of the metallic sphere, from which
precise values of the magnetic permeability l and electrical
conductivity r are extracted. A qualitative component of the
experiment allows students to explore aspects of non-
destructive testing with samples of different shape and com-
position. The simplicity, precision, and flexibility of our
apparatus provide advantages over similar experiments pro-
posed for undergraduate teaching.26–28

This paper is organized as follows. First we review the
theory of a metallic sphere in a uniform ac field, focusing on
the induced magnetic moment and the accompanying dipole
field, which can be measured directly. Next we describe the
apparatus and the experimental procedure developed to
obtain high-precision data. We then present and discuss
results for a variety of non-magnetic and magnetic metal
spheres. Lastly, we describe two ancillary experiments which
rely on the qualitative comparison of data to demonstrate
other applications of eddy-current-based non-destructive
testing methods.

II. THEORY

We consider a sphere made of a linear medium with radius
a, permittivity �, permeability l, and conductivity r in an
oscillating, uniform applied field BðtÞ ¼ B e�ixt ẑ of fre-
quency f¼x/2p. From Lenz’s Law and the right-hand-rule,
one expects the rise of induced currents (i.e., eddy currents)
flowing in the azimuthal direction to oppose the change of
flux in the sphere. The eddy current density has a sin h distri-
bution with regard to the polar angle,12 and is zero at the
poles and maximal at the equator as depicted in Fig. 1. The
flow of current in the sphere gives rise in turn to a magnetic
moment m ¼ m ẑ of complex amplitude

m ¼ 2pa3B

l0

2 lr � 1ð Þ j0 kað Þ þ 2lr þ 1ð Þ j2 kað Þ
lr þ 2ð Þ j0 kað Þ þ lr � 1ð Þ j2 kað Þ

; (1)

where the explicit time dependence has been dropped for
simplicity, j0 and j2 are the zeroth and second-order spherical
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Bessel functions, k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l�x2 þ ilrx

p
is the propagation

constant with i ¼
ffiffiffiffiffiffiffi
�1
p

, and lr¼ l/l0 is the relative perme-
ability. The derivation of this result and the magnetic field
generated by the sphere12 should be accessible to any student
having read an undergraduate textbook on electromagne-
tism.1,5,23 For a non-magnetic sphere (lr¼ 1), Eq. (1)
becomes4,5

m ¼ � 2pa3B

l0

1þ 3

ka
cot kað Þ � 3

kað Þ2

 !
: (2)

In the region outside the sphere (r> a), the components of
the net magnetic field are

Br ¼ Bþ 2l0m

4pr3

� �
cos h; (3)

Bh ¼ �Bþ l0m

4pr3

� �
sin h; (4)

which is the superposition of the applied field B and the
induced dipole field from the sphere. Converting to cylindri-
cal coordinates, with r2¼q2þ z2, gives

Bq ¼
3l0m

4p
qz

r5
; (5)

Bz ¼ Bþ l0m

4p
2z2 � q2

r5
; (6)

from which one sees that Bq is due solely to the magnetic
moment of the sphere. This offers an opportunity, then, to
determine m through a direct measurement of the dipole field
that is unobscured by the applied field.

If one considers inductive detection of Bq, then the flux
through a pick-up coil (PC) that has the plane of its windings
aligned along the applied field as shown in Fig. 1 is

U ¼
ð
PC

Bq ds ¼ 3l0m

4p

ð
PC

qz

r5
ds; (7)

where ds is the surface element of the coil. The integral on
the right hand side of Eq. (7) is a geometric factor that
depends only on the turns, dimensions, and relative location
of the coil. Once these are fixed, the emf E induced in the
coil is simply a constant multiplied by xm. As a result, it is
possible given the sphere radius a to extract values of l, �,
and r by fitting measurement data of EðxÞ=x to Eq. (1).
This is the approach used here, and it will be described fur-
ther in Sec. III.

Before proceeding, we first discuss the specific theoretical
behaviour of the metallic sphere pertinent to this work. In
particular, we note that the quasistatic limit x� � r, which
is generally applicable for good conductors,1 will be very
well satisfied over the entire frequency range explored here.
As a result, the propagation constant in Eq. (1) safely reduces
to k ¼

ffiffiffiffiffiffiffiffiffiffiffi
ilrx
p

. The expansion of Eq. (1) in the limit x ! 0
gives

Re mf g ¼
4pa3B

l0

lr � 1

lr þ 2
� 6 l2

r þ 9lr

� �
a4

175 lr þ 2ð Þ3 d4

" #
; (8)

Im mf g ¼
4pa3B

l0

3lr a2

5 lr þ 2ð Þ2 d2

" #
; (9)

where Re{m} and Im{m} are the real and imaginary parts of
m, respectively, and d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=lr l0 r x

p
is the electromag-

netic skin depth for metals in the quasistatic limit.
Figure 2 shows theoretical plots of m(f) for typical param-

eters of the metallic spheres used in this work. The dc limit
of Eq. (8) is evident here: m is zero for non-magnetic metals
(i.e., lr¼ 1) but remains finite for magnetic metals (e.g.,
lr> 1). As the frequency increases, eddy-current shielding
eventually overtakes bulk magnetization and the real compo-
nent of m, which is in-phase with BðtÞ, changes sign and
reaches an asymptotic value, indicating the complete expul-
sion of flux from inside the sphere. This is the thick limit
(i.e., a� d) depicted in Fig. 1.

It is also well known that in this limit the induced eddy-
current density oscillates spatially within the exponential decay
envelope set by the skin depth.1–5 As d ! 0, the counter-
flowing contributions of the out-of-phase component of the
current density produce zero net field outside the sphere. As a
result, the imaginary component of m, which initially increases
with frequency as a simple consequence of Faraday’s Law,
goes to zero as f!1 as can also be seen in Fig. 2.

At this point, it is worth emphasizing that the above analy-
sis—though of considerable practical and pedagogical
value—is generally incomplete in that it assumes all material
properties to be field and frequency independent. One does
expect, however, that both the permittivity and conductivity
will be constant at the very low frequencies examined here,

Fig. 1. Conceptual diagram of the experimental method showing the metal-

lic sphere in the thick limit. The solid lines are the net magnetic field (which

is zero inside the sphere when a� d), while the dashed lines are the contri-

bution from just the induced magnetic moment of the sphere. The distribu-

tion of eddy current flow in the azimuthal direction is indicated by the dots

and crosses on the surface of the sphere. Identical pick-up coils with the

plane of their windings aligned along the applied field are sensitive only to

the field due to the sphere, with either positive (þ) or negative (�) flux as

distinguished by the direction of the field lines passing through them. A dif-

ferential measurement of the induced emfs (e.g., Eþ � E�) doubles the sam-

ple signal and nullifies noise from background fields.
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which can be seen from even fairly simple models of elec-
tron motion.1,2,5,29 The permeability, on the other hand,
deserves a closer look.

Excellent discussions on the various forms of magnetism
in matter can be found in several textbooks at the introduc-
tory5,23,30 and more advanced29 level. Following common
parlance, we consider here nominally non-magnetic (i.e.,
diamagnetic or paramagnetic) and magnetic (i.e., ferromag-
netic) materials. The former arise, respectively, from the
response of the electronic orbital and spin magnetic moments
to an applied magnetic field. These effects are generally
quite weak and can be well characterized by a constant mag-
netic susceptibility (vm¼ lr � 1) that is negative for diamag-
nets and positive for paramagnets, and which is of order
10�5–10�4 for typical metals.1 Ferromagnets, on the other
hand, are inherently nonlinear materials that are character-
ized by the spontaneous and near complete alignment of
unpaired electron spins within small magnetic domains.
Ferromagnets also typically exhibit hysteresis, and the appli-
cation of an external magnetic field can force changes in the
orientation and boundaries of the domains that result, for
example, in the permanent magnetization, saturation, or pos-
sibly demagnetization of a sample depending on its history
and the manner in which the field is applied. In light of its
nonlinearity and domain dynamics, one expects the general
ferromagnet to have a permeability that is both field and fre-
quency dependent. While such effects will not be explicitly
incorporated into the aforementioned model for a magnetic
metallic sphere, we do show below how lr(f) can be
extracted from the data for such a sample.

III. EXPERIMENTAL METHOD

The apparatus is shown in Fig. 3 and comprises a
Helmholtz coil to generate the uniform applied field BðtÞ and
a pair of identical coils harvested from a defunct computer
hard drive to serve as pick-up coils. The Helmholtz coil has

20 turns per loop, with a total resistance of 1.2 X, an induc-
tance of 0.56 mH, and an efficiency of 150 lT/A. Each pick-
up coil has 77 turns, a resistance of 7.3 X, and an inductance
of 8.2 mH. One could use four pick-up coils (as shown in
Fig. 1) to increase sample signal, but for ease of construction
and for greater access to the sample space, we chose to use
only two. It is important, however, that pairs of pick-up coils
be as close to identical as possible in order to effectively can-
cel spurious signal from any background fields.

A lock-in amplifier (Stanford Research SR830) under
computer control is used to drive the Helmholtz coil and
measure the differential signal (A-B mode) between the two
pick-up coils. The following settings of the lock-in were
fixed for all experiments: sine output¼ 5 Vrms, reference
phase¼ 08, and time constant¼ 300 ms. In-house software is
used to change the lock-in frequency in logarithmically
spaced steps over the range of study (from 25 Hz to the lock-
in limit of 102 kHz), to automatically adjust the lock-in sen-
sitivity so that signal is always between half- and full-scale,
and to record the demodulated signal of the two lock-in out-
put channels (X and Y). To ensure independent data points
free from any transient effects, the program waits more than
five time constants after any changes before monitoring X
and Y.

In order to accurately determine lr and r for the metallic
sphere, three sets of measurements are needed: (1) a normali-
zation run to determine the magnitude and phase of the
applied field BðtÞ, which are frequency dependent due to the
complex impedance of the drive circuit, (2) a background
run performed without the sample present to determine any
frequency-dependent coupling between the drive and pick-
up coils due to imperfect alignment, and (3) a foreground
run with the sample present. The set-up and typical results of
each type of measurement are shown in Fig. 4. As described
further below, one subtracts the background from the fore-
ground, then phases and normalizes this result before fitting
to the model. The normalization and background runs need

Fig. 2. Theoretical plots of Eq. (1) with k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
il0lrrx
p

for spheres of diam-

eter 3=800, electrical conductivity 107 S/m, and various values of lr. The real

(Re) and imaginary (Im) components of m are in-phase and out-of-phase

with the applied field BðtÞ, respectively.

Fig. 3. Model of the apparatus. The Helmholtz coil generates the uniform

field BðtÞ. As displayed here, the pick-up coils are positioned about 24 mm

apart with their one edge aligned with the center of a metallic sphere of

diameter 3=800 ’ 9:5 mm. The pick-up coil spacing can be adjusted to

accommodate samples of different sizes. The top of the sample stand is

bored out to accurately position the metallic spheres. In later experiments,

the stand is replaced with a coin holder which features a retaining screw to

ensure that coins are positioned identically across multiple trials.
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be performed only once and can be used across multiple
foreground runs, including those with different samples.

The emf of the normalization run at any given frequency is

Enorm ¼ �ix ~B

ð
PCs

dsz; (10)

where ~B ¼ B ei/B and dsz is the projection of the surface ele-
ment ds of the pick-up coils along the z-direction parallel to B.
The phase of the applied field is determined at each frequency
from the lock-in outputs as /B ¼ arctanðYnorm=XnormÞ.

The net emf due to the sample is the difference between
the foreground and background runs and is determined at
each frequency as Esamp ¼ Efore � Eback. To account for the
phase of the applied field, and to allow for a proper fit to the
data, one must rotate Esamp to E0samp in the complex plane by
the following operation:

X0samp

Y0samp

� �
¼ �cos /Bð Þ �sin /Bð Þ
�sinð/BÞ þcosð/BÞ

� �
Xsamp

Ysamp

� �
: (11)

One can now associate the in-phase (X0samp) and out-of-phase
(Y0samp) components of E0samp with those of the magnetic
moment m.

Making use of Eqs. (1), (7), and (10), a final fit function is
determined:

E0samp

jEnormj
¼ a3G

2 lr � 1ð Þ j0 kað Þ þ 2lr þ 1ð Þ j2 kað Þ
lr þ 2ð Þ j0 kað Þ þ lr � 1ð Þ j2 kað Þ

; (12)

where the constant

G ¼ 3

ð
PCs

qz

r5
ds � 2

ð
PCs

dsz (13)

is a purely geometric scaling factor associated with the pick-
up coils that is independent of the size and material proper-
ties of the spherical sample. The normalization process elim-
inates the factor xB arising from Faraday’s Law, as well as

any other frequency dependence that may be present in the
gain of the receive chain. By including G as a third free
parameter in the fitting routine (along with lr and r), explicit
knowledge of pick-up coil dimensions and locations is not
needed. A least-squares fitting algorithm from Python’s
SciPy package is used to simultaneously fit the real and
imaginary parts of Eq. (12) to the data after all post process-
ing steps are complete. For a non-magnetic sphere (lr¼ 1),
the fit function becomes

E0samp

jEnormj
¼ �a3G 1þ 3

ka
cot kað Þ � 3

kað Þ2

 !
; (14)

with only two free parameters G and r.

IV. RESULTS AND DISCUSSION

A. Quantitative experiments with metallic spheres

The measurement procedure described above was per-
formed using metallic spheres of nominal diameter 3=800 that
were purchased commercially. Four different materials were
tested—aluminum (Type 2017-T4), brass, tungsten carbide,
and stainless steel (Type 440c)—giving a variety of non-
magnetic and magnetic samples.

The final phased and normalized data, along with fits to
theory and residuals, are shown in Figs. 5 and 6. As can be
seen, the quality of the data produced by this very simple
apparatus and experimental method is very high. The signal-
to-noise ratio of the experiment degrades quickly below
25 Hz, however, and data were not collected in this region.
The data fit very well with theory over the entire frequency
range for all samples, with stainless steel showing the most
prominent deviations. This may be due to a frequency-
dependent permeability, which is not included in the present
model and will be discussed further below.

A summary of all quantitative results is given in Table I,
along with reference values for lr and r that could be found in
the literature.31–35 The results are wholly consistent with the
qualitative behavior of the response curves in Figs. 5 and 6.

Fig. 4. The experimental set-up and results for a typical normalization measurement (left) and foreground and background measurements (right). The normali-

zation measurement is made with the pick-up coils turned toward the applied field. The choice of angle is not critical and does not need to be known, but

should be sufficient to provide an accurate measure of B. The frequency dependence of the normalization signal is dominated by the 50 X output of the lock-in

amplifier in series with the reactance of the Helmholtz coil. Alignment of the pick-up coils along B (right) is achieved by minimizing the background signal at

a fixed frequency (10 kHz, say) through manual adjustment of each coil separately. Since perfect decoupling can never be achieved, a final background mea-

surement versus frequency is needed. The frequency dependence of the foreground signal is dominated by the response of the metallic sphere, which in turn is

proportional to B. As a result, the gross features of the foreground and normalization signals are similar.
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Aluminum and brass are non-magnetic, with both exhibiting
zero signal as f! 0. Of the two, aluminum has the larger elec-
trical conductivity, as seen by the lower frequency peak in the
out-of-phase response and the more negative in-phase response
over the entire frequency range. The tungsten carbide and stain-
less steel samples, on the other hand, are clearly magnetic as
indicated by the large positive y-intercept of their in-phase
response. (Ferromagnetic impurities, such as nickel or cobalt,
are likely responsible for the magnetism of the former.34) Of
the two samples, stainless steel has the larger permeability; it
also has the lower electrical conductivity. Both a larger lr and
a lower r push the asymptotic limits of the in- and out-of-phase
response to higher frequency as compared to the tungsten car-
bide sample.

The large number of data taken for each sample leads to
the high statistical precision of the fit parameters seen in
Table I. Such precision should be interpreted with caution,

however, as it exceeds the true capabilities of the apparatus.
This can be seen from two particular aspects of the results.
First, the values of the scaling factor G, which should be
equivalent for all samples here since the same normalization
run was used for each, do not agree at the level of their
respective uncertainties. Taking the mean and standard devi-
ation of all G values (excluding stainless steel, which has the
poorest fit to the model) gives G¼ (3.74 6 0.01)� 105 m�3.
This suggests that the reproducibility or measurement preci-
sion of our method is at the level of three parts per thousand,
which is around an order of magnitude larger than typical fit
parameter uncertainties. Second, the fits for aluminum and
brass to the magnetic model would suggest that both materi-
als are diamagnetic (lr< 1). Not only is the sign of the mag-
netic susceptibility vm wrong for aluminum, its magnitude is
roughly 40� larger than the expected paramagnetic value.
Furthermore, the uncertainty in the fit value is about

Fig. 5. Response of the aluminum and brass spheres: data (circles), fit function for the non-magnetic model (solid lines). Corresponding fits to the magnetic

model (see Table I) are indistinguishable by eye and not shown for clarity. For ease of comparison, the fit function for aluminum is superimposed on the graph

for brass (dashed lines). Top panels: Residuals (circles) with zero highlighted for clarity (dashed lines).

Table I. Measured sphere diameters; fit parameters for the data in Figs. 5 and 6; and reference values for lr and r. Electrical conductivities are given in units

of mega-Siemens per meter. The numbers in parentheses are the uncertainty in the last digit of the measured and fit quantities. The second rows for aluminum

and brass are fits to the non-magnetic model, which assumes lr to be unity. The second row for stainless steel is a two-parameter fit to the magnetic model

assuming a known value of G¼ 3.74� 105 m�3 as discussed in the text.

Diameter
Fit parameters Reference values [31–35]

Sphere material 2a (mm) G (105 m�3) lr r (MS/m) lr r (MS/m)

Aluminium (2017-T4) [31,32] 9.500(5) 3.743(1) 0.9991(3) 20.03(2) 1.000021 20

3.743(1) 1 20.04(2)

Brass [33] 9.500(5) 3.753(2) 0.9990(3) 15.43(2) 1.0 15

3.752(2) 1 15.45(2)

Tungsten carbide [34] 9.510(5) 3.732(2) 1.8359(8) 5.436(5) — 5

Stainless steel (440c) [35] 9.510(5) 3.776(2) 15.97(7) 1.473(4) — 1.7

3.74 16.7(1) 1.51(1)
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15� larger than the expected susceptibility. The conclusion
is that this apparatus does not have the resolution to measure
the weak susceptibilities of diamagnetic and paramagnetic
materials, and that fits to the non-magnetic model are suffi-
cient in this case. This in turn suggests an accuracy of no bet-
ter than one part per thousand in measurements of
permeability in order for the results of aluminum and brass
to be consistent with lr¼ 1.

To further explore the limitations of this measurement
technique, we ran four successive trials with the aluminum
sphere, each time repeating the normalization run, the back-
ground run, and the foreground run. The data were fit to the
magnetic model. It is not expected that G should be the same
for all trials here, as it depends on the precise location of the
coils from run to run. The mean and standard deviation of
the other fit parameters over the four trials were found to be
lr¼ 1.0003 6 0.0009 and r¼ 19.83 6 0.06 MS/m. Again,
one concludes that vm cannot be resolved for such weakly
magnetic materials, and that a reasonable estimate for the
accuracy on lr is one part per thousand. The results for the
electrical conductivity suggest a measurement precision of
three parts per thousand. The disagreement between the
value of r determined here and that reported in Table I is
roughly 1%, from which a reasonable estimate for the accu-
racy on r is five parts per thousand.

With a better understanding of the capabilities of our
apparatus, we now comment on the reference values for r
given in Table I. There is generally good agreement with our
measurements, especially for aluminum and brass, although
the uncertainty in the reference values (if one assumes half
of the last digit) is at least 3% in all cases. This may suggest
that the variability in the electrical conductivities of nomi-
nally identical materials (such as Type 2017-T4 aluminum)
is typically an order of magnitude larger than the precision

and accuracy of our measurements. This could be tested in
the future with multiple spherical samples of the same nomi-
nal material made from different stock. This same observa-
tion also highlights the potential of our simple apparatus and
method for characterizing conductive materials.

Finally, we discuss in greater detail the results for the two
magnetic materials. In particular, we note that tungsten car-
bide, given its similar fit value of G and magnitude of resid-
uals compared to brass and aluminum, is well described by a
constant lr and r over the range of frequencies explored
here. Stainless steel on the other hand is not. First of all, the
value of G from its three-parameter fit deviates notably from
the other samples. Since G is a geometric factor associated
with the shape and position of the pickup coils, it should not
depend on the sample of course. The fact that it does is an
indication the present model with constant lr and r is
insufficient.

To explore this further, we first reanalyzed the data for
stainless steel using the average value for G from the other
samples as input to the model. This is akin to calibrating the
apparatus using a known standard. The resulting two-
parameter fit returns slightly different constant values of lr

and r (see Table I), but the residuals (see Fig. 6) did not
show any marked improvement. Assuming that the conduc-
tivity of stainless steel is frequency independent, as argued
above, we subsequently extracted lr from Eq. (12) at each
frequency with G¼ 3.74� 105 m�3 and r¼ 15.5 MS/m.
This estimate for the dc value of r came from a two-
parameter fit over the low frequency range of the data up to
500 Hz. The resulting data for the putative lr(f) of the stain-
less steel sample are presented in Fig. 7 and show a clear
resonance-like variation of about 8%. This could be a signa-
ture of magnetic relaxation due to the phase lag of domain-
wall motion with respect to the applied field.36 Further

Fig. 6. Response of the tungsten carbide and stainless steel spheres: data (circles), fit function for the magnetic model (solid lines). The two- and three-

parameter fits made for stainless steel (see Table I) are marginally distinguishable by eye and only the former is shown here for clarity. Top panels: Residuals

(circles) with zero highlighted for clarity (dashed lines).
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studies, which are beyond the scope of this present work,
would require a complex model of the permeability as well
as careful preparation of the magnetic history of the sam-
ple.36 Such studies could also benefit from smaller sample
sizes (to minimize eddy-current effects) as well as an inde-
pendent determination of dc conductivity. Still, the initial
results presented here demonstrate the potential of this
method for exploring the physics associated with strongly
magnetic materials, such as hysteresis, ordering, and
domain-wall dynamics.

B. Qualitative experiments and non-destructive testing

The accurate determination of electromagnetic properties
requires a well-defined sample shape and accompanying
model, as demonstrated in Sec. IV A. Eddy-current-based
non-destructive testing does not necessarily require an
explicit determination of lr and r, however, and the qualita-
tive analysis of metallic samples—either by comparison
against a standard or by comparison between samples—still
offers valuable information. Two additional experiments
involving non-spherical samples are presented here that
demonstrate both methods of comparison and highlight some
of the principles and uses of non-destructive testing.

1. Orientation of a non-spherical sample

In this experiment, we compare the response of an intact
brass sphere to one that has had roughly 0.9 mm of material
removed from opposite sides using a file. The former sample
can be thought of as a standard, while the latter represents a
test piece that has been compromised by wear or deforma-
tion, say. Using the same procedure and sample holder as
above, measurements were made with the applied field BðtÞ
either parallel or perpendicular to the normal of the flat face
of the test piece as shown in Fig. 8. A general discussion
regarding the orientation of an ac magnetic field to a metal
surface can be found in Ref. 5.

The results are shown in Fig. 8, and one can see that while
the parallel case is almost indistinguishable from the intact
sphere, the perpendicular case is notably different. These
results highlight an important aspect of non-destructive test-
ing, namely, that there must be a sufficient perturbation or
disruption of the eddy current flow pattern compared to that
of the standard in order to identity the existence of damage
or deformation in a test piece.

In regard to the particular case studied here, it is clear that
the eddy current density of the intact sphere must be zero
along the axis of the applied filed, as given by the sin h
dependence of J/ in Eq. (8) of Ref. 12. As a result, removing
material near the poles of the sphere (i.e., the parallel case)
has little effect on the bulk of the eddy current flow which is
primarily near the equator. In contrast, removing material
near the equator (i.e., the perpendicular case) strongly alters
the path of the eddy currents and in turn modifies the magni-
tude and spatial distribution of the associated magnetic field.

2. Coins of different composition

In this experiment, we compare the response of Canadian
1-cent coins that are more or less identical in shape, but
whose metallic composition depends on year of minting.37

Prior to 1997, the composition was 98% copper, 1.75% tin
and 0.25% zinc; for the years 1997 to 1999, the composition
was 98.4% zinc with 1.6% copper as plating; from 2000
onward, a second composition was introduced that comprises
94% steel and 1.5% nickel with 4.5% copper as plating. Four
coins were tested: one from 1996, one from 1999, and two
from 2003. Visually, all appear to be identical copper coins.
Measurements are made with BðtÞ applied normal to the coin
face. The coins are held in a well-defined position relative to
the drive and pick-up coils using the coin holder shown in
Fig. 3. This allows for a direct comparison of results that can
be interpreted in terms of electromagnetic parameters and
thereby linked to composition.

Fig. 7. A point-by-point extraction of the relative permeability of the stain-

less steel sphere from Eq. (12) assuming a known G and r. The horizontal

line is the constant value of lr from the two-parameter fit of the low fre-

quency data used to determine r as discussed in the text.

Fig. 8. Response of the spherical and non-spherical brass samples. The inset

shows a drawing of the latter indicating the normal n̂ to the flat faces. For

clarity only every fifth data point is shown.
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The results of the tests are shown in Fig. 9. There are three
distinct response curves corresponding to each of the three
possible compositions. Three of the coins (1996, 1999, and
2003-1) exhibit vanishing signal in the limit f ! 0, a clear
signature that they are non-magnetic. Of these three, the
1996 coin approaches the asymptotic behavior of the thick
limit (i.e., complete flux expulsion with eddy currents con-
fined to a vanishingly small skin depth) at a lower frequency
than the others, which reflects the higher electrical conduc-
tivity of copper versus zinc. The other two non-magnetic
coins have identical response curves and must therefore be
copper plated zinc. The fourth coin (2003-2) exhibits the
clear hallmarks of a magnetic metal: it has a non-zero real
component in the dc limit, and the thick limit does not
appear until higher frequency. The relative features of the
electromagnetic response of all four coins are clearly distin-
guishable and are consistent with their possible compositions
based on date. As such, this method demonstrates the use of
non-destructive testing for identifying and sorting visually
similar metallic objects.

V. USING A FUNCTION GENERATOR AND

OSCILLOSCOPE INSTEAD OF A LOCK-IN

AMPLIFIER

While the lock-in amplifier is a standard device for most
research laboratories, it may be a luxury in the undergraduate
teaching laboratory. In recognition of this, we demonstrate
that it is possible to run this experiment successfully using a
function generator and oscilloscope in lieu of the lock-in.
We happened to use an Agilent 33210A waveform generator
and an Agilent 2000 series oscilloscope. The most important
considerations, however, are that both devices can be com-
puter controlled and that the oscilloscope has multiple inputs
and can provide a difference measurement of two of its
channels.

In this configuration of the experiment, the function-
generator output is used to drive the Helmholtz coil and the
synchronized output is used to trigger the oscilloscope via
one of its input channels. The pick-up coils are connected to
two of the other oscilloscope channels. After each change in
frequency, the computer program adjusts the sensitivity and
time base of the oscilloscope if necessary, then records the
peak-to-peak voltage of the difference measurement, as well
as its phase relative to the reference signal. In general, such
data would be collected for the normalization, background,
and foreground run as described above, and the same signal
processing steps would be performed to determine
E0samp=jEnormj. However, we found that the direct coupling
between the Helmholtz and pick-up coils could not be
resolved by the oscilloscope, so the background run and sub-
traction were not done here.

An example of data collected with this method using the
aluminum sphere is shown in Fig. 10. The signal-to-noise
ratio is clearly not as good as with the lock-in amplifier. We
also found that at frequencies below 1000 Hz, the signal was
too weak for the oscilloscope to make meaningful phase
measurements, and as a result, data were not collected in this
range. To best compare with the results in Fig. 5, the upper
limit of the frequency range was kept to 102 kHz. A fit of
Eq. (14) to the data in Fig. 10 gives r¼ 20.55(7) MS/m,
which is consistent with the results of Sec. IV A, though not
within error.

A possible advantage of this method, of course, is that fre-
quencies higher than 102 kHz can be explored. This would
provide more data over a larger frequency range, which in
turn could better constrain the fit parameters. One should be
mindful, however, that a natural upper limit always occurs
due to the self-resonance of the coils.

VI. CONCLUSION

We have developed a very simple experiment to make pre-
cise measurements of the electromagnetic response of small
metallic objects to a uniform ac magnetic field over a very

Fig. 9. Response of 1-cent coins with BðtÞ applied normal to the coin face.

For clarity only every fifth data point is shown. The year of minting and

sample number are given in the legend. From a comparison of the response

curves, one can deduce that coin 2003-1 is copper plated zinc and coin

2003-2 is copper plated steel/nickel.

Fig. 10. The response of the aluminum sphere measured using a function

generator and oscilloscope: data (circles), fit function for the non-magnetic

model (solid lines).
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broad range of frequencies. Measurements on commercially
available metal spheres fit very well to an exactly solvable
model, allowing the simultaneous determination of the mag-
netic permeability and electrical conductivity given the
sphere radius only. Modest efforts to characterize experi-
mental error suggest that the precision and accuracy of these
results is at the level of five parts per thousand or better.
Qualitative experiments with non-spherical samples were
used to demonstrate some of the uses and principles of eddy-
current-based non-destructive testing.

The work presented here leaves significant room for stu-
dent exploration and innovation. For example, we made no
attempt to optimize the pick-up coil design or location to
maximize flux linkage with the sample. Nor did we attempt
to develop new models that would incorporate nonlinear
media, frequency-dependent material properties, or non-
spherical samples. There are a multitude of sample shapes
and materials that can be explored, of course, as well as
many other uses of eddy-current-based non-destructive test-
ing, such as crack detection, that can be tried.
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